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Recently, the development of waste heat utilization technology for use in 
thermoelectric power generation has become an important social issue due to increased 
interest in the Internet of Things [1] (IoT). In order to realize the IoT, power sources are 
required for vast numbers of small devices. However, there are numerous cases in which 
battery charging and/or replacement are technically challenging, very costly, or both. As 
a result, there is an urgent need to establish a low-cost universal power supply technology 
that can be used as a common alternative. One possibility is harvesting [2-5] of various 
types of energy that exist in the environment, such as waste heat, vibrations, and 
electromagnetic waves. Power generation technologies that use the thermoelectric 
properties of such materials are, therefore, attracting significant attention from this 
perspective. 
Thermoelectric properties are physical properties related to the Seebeck effect 
(thermoelectric effect), which is the direct conversion of temperature differences to 
electric voltage. Thermoelectric properties are characterized by the Seebeck coefficient 
(thermoelectric power, TEP) 𝑆, the power factor 𝑃, and the dimensionless figure of merit 
𝑍𝑇. Here, 𝑆 indicates the voltage per unit temperature difference, while 𝑃 indicates the 
electric power and is generally expressed in terms of 𝑆 and the electric conductivity 𝜎 
as 𝑃 = 𝑆2𝜎. However, in the present paper, 𝑃 is defined in terms of 𝑆 (instead of 𝜎) 
and the electric conductance 𝐺 as 𝑃 = 𝑆2𝐺 to give the power factor per single-walled 
carbon nanotube (SWCNT). 𝑍𝑇  indicates the energy conversion efficiency and is 
expressed in terms of 𝑆, 𝜎, the absolute temperature 𝑇, and the thermal conductivity 𝜅 






Thermoelectric generators, such as the one illustrated in Fig. 1, require both n- and p-
type semiconductors, and commercial versions will require 𝑍𝑇~1. In a thermoelectric 
generator, the high (low)-temperature side of the n- and p-type semiconductors are 
connected, and electrons and holes accumulate on the low (high)-temperature side.  
 
 
Figure 1: Thermoelectric generator. The temperature of the hot (cold) side is 𝑇H (𝑇C). 
An n-type and a p-type semiconductor are connected to each other at the hot side and are 
connected to a circuit element (such as a light-emitting diode) at the cold side. 
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based on the obtained electric energy 𝑊, the thermal energy 𝑄, the temperature of the 






Figure 2: shows the relationship between 𝜂max and 𝑍𝑇. 
 
 
Figure 2: Maximum of energy conversion efficiency vs. 𝒁𝑻. In this figure, 𝑇H is 350 
K, and 𝑇C is 300 K. An energy conversion efficiency larger than about 3%, which is 
comparable to that achievable with solar cells with a conversion efficiency of about 10%, 




Bismuth telluride (Bi2Te3) [7], which is used in most commercial thermoelectric 
generators, has S~200 μV⁄K, P~5000 μW⁄(m∙K2), and ZT~1. However, Bi2Te3 has 
problems such as low mechanical strength, toxicity, and (because it contain rare metals) 




As candidate next-generation thermoelectric materials to replace Bi2Te3, one-
dimensional (1D) materials are currently attracting significant attention. For example, 
Hicks and Dresselhaus indicated that the maximum 𝑍𝑇 value for a 1D wire could be 
greater than that for either bulk materials or two-dimensional (2D) quantum wells. They 
also reported that the 𝑍𝑇 value for a 1D or quantum wire depends strongly on the width 
of the wire (see Fig. 3) [8]. That report also indicated that, since some of these tubes have 
the necessary narrow diameters of about 1.5 nm, the best hope for producing a usable 
candidate material appeared to lie with techniques for encapsulating materials in carbon 
nanotubes. SWCNTs are excellent candidates for thermoelectric material usage because 
they are flexible, lightweight, easily obtainable, and non-toxic. 
 
 





1.1. Single-walled carbon nanotubes 
Single-walled carbon nanotube [9-17] (SWCNT) is a cylindrical substance which is 
rolled up graphene. Graphene is a sheet-like substance which has hexagonal lattice of 
carbon atoms as shown in Fig. 4. The structure of SWCNTs is one-dimensional (1D) and 
described by a chiral vector. As shown in Fig. 4, the chiral vector is defined by a single 
vector 𝐶ℎ⃗⃗⃗⃗  which is given by the basic lattice 𝑎1⃗⃗⃗⃗  and 𝑎2⃗⃗⃗⃗  of hexagonal lattice in 
graphene as 𝐶ℎ⃗⃗⃗⃗ = 𝑛𝑎1⃗⃗⃗⃗ + 𝑚 𝑎2⃗⃗⃗⃗ = (𝑛,𝑚). Here, 𝑛  and 𝑚  are integers (0 ≤ 𝑚 ≤ 𝑛) 
and (𝑛,𝑚) and are called a chiral index. 
 
Figure 4. Graphene sheet and chiral vector. An SWCNT can be constructed by rolling 
up a graphene ribbon with the width |𝐶ℎ⃗⃗⃗⃗ |. Here 𝐶ℎ⃗⃗⃗⃗  is chiral vector given by the basic 
translation vectors 𝑎1⃗⃗⃗⃗  and 𝑎2⃗⃗⃗⃗  of hexagonal lattice as 𝐶ℎ⃗⃗⃗⃗ = 𝑛𝑎1⃗⃗⃗⃗ + 𝑚 𝑎2⃗⃗⃗⃗  or given by 
𝐶ℎ⃗⃗⃗⃗ = (𝑛,𝑚) using the integers 𝑛 and 𝑚. The unit cell of SWCNTs is defined by 𝐶ℎ⃗⃗⃗⃗  
and the translation vectors ?⃗? . ?⃗?  is the shortest vector perpendicular to 𝐶ℎ⃗⃗⃗⃗  and whose 





The structure of SWCNTs is classified into three types by the chiral vector, as shown 
in Table 1 and Fig. 5. 
 
 
Table 1. Classification of SWCNT structure.. The three types of SWCNT are named 
after the cross-sectional shapes. 
Types 𝐶ℎ⃗⃗⃗⃗  Cross-sectional 
armchair type (𝑛, 𝑛) armchair (cis type) 
zigzag type (𝑛, 0) zigzag (trans type)  
chiral type (𝑛,𝑚) mixture of cis-trans type 
 
 
Figure 5. Three types for SWCNT chirality. Armchair and zigzag SWCNT have end 








The electronic state of SWCNTs is metallic when 𝑛 − 𝑚 is the multiple of 3, and is 
semiconducting when 𝑛 − 𝑚 is not the multiple of 3. The metallic SWCNTs are further 
classified into the true-metallic (m-) and pseudo-metallic (m′-) SWCNTs. The SWCNTs 
with the chiral index (𝑛, 𝑛)  are true-metallic (i. e. gapless metallic), and the other 
metallic SWCNTs are pseudo-metallic [18] (which have a small energy gap around the 
Fermi level) when the chiral index is (𝑛, 0). The diameter of the (𝑛,𝑚) SWCNTs 𝐷 is 
given by 
𝐷 = (√3𝑎 𝜋⁄ )√𝑛2 + 𝑚2 +  𝑛𝑚 
where 𝑎 is the carbon–carbon bond length. Roll-up structures of graphene ribbons with 
carbon–carbon bond lengths of 0.142 nm were used as SWCNT structures without any 
geometry optimization in the present study. 
 
1.2. Thermoelectric properties of SWCNTs 
In SWCNT films, thermoelectric power factors 𝑃 as large as 2000 μW (m ∙ K2)⁄  
have been reported [19], which is almost the same magnitude as those for commercial Bi-
Te systems, 𝑃 ~5000 μW (m ∙ K2)⁄ . However, the non-dimensional figure of merit 𝑍𝑇 
values are much smaller than those of Bi-Te systems. To achieve higher performance, it 
is important to understand the thermoelectric properties based on the hierarchic structures 
of the SWCNT films. 
The SWCNT films are usually composed of many bundles entangled at random[20-
25] as shown in Fig. 6. Each bundle consists of many SWCNTs with different structures 
characterized by the chiral index (𝑛,𝑚) with integers 𝑛 and 𝑚. In other words, the 
SWCNT films usually consist of semiconducting (s-) and metallic (m- and m′-) SWCNTs 
of various diameters 𝐷, so that as-grown SWCNT samples contain the mixture of s- and 
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m (and m′)-SWCNTs at a normal ratio of 1 ∶ 2 . Therefore, the macroscopic 
thermoelectric properties in bulk are expected to be determined not only by the intrinsic 
properties of individual SWCNTs but also by such hierarchic structures. 
 
 
Figure 6. Atomic force microscopy (AFM) image of SWCNT film. The white lines are 
the bundles of SWCNTs. 
 
 
The mixing effect of s- and m (and m′)-SWCNTs on thermoelectric performance has 
been reported [26-30] as one kind of considering the hierarchic structures, and the 
performance was remarkably improved by s-SWCNT enriched. For example, the Seebeck 
coefficient 𝑆 increased to 170 μV K⁄  in an s-SWCNT film from 50 − 60 μ V K⁄  in 








Figure 7. Seebeck coefficient of s-SWCNT enriched films. 𝑆 greatly increases as the 
s-SWCNT ratio 𝛼 increases. [26, 29, 30] 
 
 
The electric double layer transistor (EDLT) setup using an ionic liquid was also used 
to tune the carrier density. It was found that both p- and n-type carrier doping are possible 
in SWCNTs. [31]  
Also, the strong potential of SWCNTs for use as flexible thermoelectric materials has 




1.3. Purpose and research outline 
Despite the novel properties of SWCNTs, the thermoelectric performance reported 
for the SWCNT films have remained insufficient. Therefore it is important to investigate 
strategies for achieving higher performance with SWCNTs. 
The purpose of this thesis is to give a systematical description of the thermoelectric 
properties of individual SWCNTs by calculation, and to clarify important factors that 
determine the thermoelectric properties of bulk materials, then to indicate the direction 
for improving thermoelectric performance of bulk SWCNTs. 
First, we calculate 𝑆 and the electrical conductance 𝐺 (or the electrical resistance 
𝑅) of individual SWCNTs with different diameter as a function of the chemical potential 
𝜇. Next, we consider parallel- and serial-connection circuit models consisting of different 
types of SWCNTs, and calculate the equivalent 𝑆 and 𝐺 for those circuits. The results 
are compared with the experiments for SWCNT films. The effects of s- and m (m’)-
mixture and SWCNT-diameter distributions are discussed. We also discuss the 
temperature dependence of 𝑆  within the parallel-model. These studies are mainly 
focused on the lightly doped region where 𝜇 is located within a gap of s-SWCNTs. 
However, a possible enhancement of 𝑃 is also discussed in heavily doped regions.  
In SWCNT films there are many SWCNT-SWCNT junctions. Therefore, effect of 
these junctions on macroscopic thermoelectric properties is systematically examined for 





2.1. Calculation of the thermoelectric properties 
The conductance 𝐺 and 𝑆 of a test sample, either an SWCNT or an SWCNT–SWCNT 




Figure 8. Model system for calculations. The sample, which is an SWCNT or SWCNT 
junction in the present study, is connected to two electron reservoirs by leads.  
 
 
Reservoir 1 and Reservoir 2 are connected to the sample by Lead 1 and Lead 2, 
respectively. The leads are assumed to have the same structure as that of the sample 
SWCNT or SWCNT junction, so that the model is coupled seamlessly to the left and right 
SWCNT leads without interfacial resistance. Therefore, the SWCNTs have infinite or 
semi-infinite length. Reservoirs 1 and 2 have chemical potentials 𝜇1  and 𝜇2 , 
respectively. An electrical current is induced by the difference between 𝜇1 and 𝜇2 (here 
we define 𝜇1 > 𝜇2). The reservoirs are substantially large and are not changed by the 
electrical current. The leads are made of an ideal material in which electron scattering 






We calculated the transmission factor of an electron with energy 𝜀, 𝜁(𝜀), by the non-
equilibrium Green’s function (NEGF) method [51, 52] and extended Hückel theory 
(EHT) [53-55], using Atomistix ToolKit (ATK) software provided by Quantum Wise Ltd. 
[http://www.quantumwise.com/] The empirical potentials, so-called Hoffmann.Carbon 
and Cerda.Carbon [graphite] in ATK software [http://quantumwise.com/documents/ 
manuals/ATK-2014/ReferenceManual/], are used in the Hückel basis set with a 0-eV 
vacuum level. The electric temperature 𝑇 was set to 300 K, the density mesh cut-off is 
10 Hartree, and the k-point sampling was set to 1 × 1 × 100. 
The Landauer theory of electronic transport [56] is briefly described in the following. 




∫𝜁(𝜀) [𝑓(𝜀, 𝜇1, 𝑇1) − 𝑓(𝜀, 𝜇2, 𝑇2)]𝑑𝜀,     (1) 
where 𝑞  is charge of the carriers, ℎ  is Planck’s constant, 𝑓(𝜀, 𝜇1(2), 𝑇1(2))  is the 
Fermi–Dirac distribution function of Reservoir 1 (2), and 𝑇1(2)  is the absolute 








,       (2) 







.        (3) 
Here, ∆𝐼 is the electrical current when ∆𝜇 ≡  𝜇1 − 𝜇2, which corresponds to the small 
voltage difference ∆𝑉 ≡  −∆𝜇 𝑞⁄ . The temperature difference is given by ∆𝑇 ≡ (𝑇1 −
𝑇2).  








































.       (5) 
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2.2. Parallel and serial connection circuit models of SWCNTs 
In the parallel model shown in Fig. 10b, several SWCNTs with different chirality are 
connected in parallel. Using the Seebeck coefficient 𝑆𝑗 and conductance 𝐺𝑗 for the 𝑗-




 and 𝐺 = ∑ 𝐺𝑗
𝑗
     (6). 
On the other hand, the equivalent 𝑆 and 𝐺 of the serial model as shown in Fig. 9c are 
given by  








     (7). 
Here, the calculations were performed on parallel and serial systems consisting of two 
kinds of SWCNTs, an s-SWCNT and an m-SWCNT. 
 
 
Figure 9. Parallel and serial models. (a) Equivalent circuit for each SWCNT. (b) 







2.3. SWCNT junction model 
SWCNT junctions consist of two SWCNTs parallel aligned, as shown in Fig. 10. The 
𝑆 and 𝐺 of each junction were studied as a function of the junction distance 𝑑, the 
junction length (laterally contacted length) ℓ, and the rotation angle around the SWCNT 
axis 𝜃. At 𝜃 = 0°, the lowest carbons of the upper SWCNT and the highest carbons of 
the lower SWCNT form AB stacking, shown in Fig. 10c. The distance between the axial 
symmetric axes of the two SWCNTs is given by 𝑑 + (𝐷 + 𝐷′) 2⁄ , where 𝐷 and 𝐷′ are 
the diameters of two SWCNTs. [58, 59] The default value for 𝑑 was set to 0.335 nm , 
that of graphite. The junction length was varied in the range ℓ~(1.0 − 3.0 ) nm. The 




Figure 10. Laterally contacted SWCNT junction. The junction consists of two (8,0) 
SWCNTs, as an example. (a) Three parameters determining (characterizing) the junction: 
𝓵, 𝒅, 𝐚𝐧𝐝 𝜽. (b) Cross section of the junction and definition of 𝜽. (c) Stacking of carbon 




Table 2. Calculated SWCNT junctions. Left: s–s junctions. Middle: s–m and s–m′ 
junctions. Right: m–m and m′–m′ junctions.  
s–s junction s–m and s–m′ junctions  m–m and m′–m′ junctions 
(8,0)–(8,0) (8,0)– (5,5)  (5,5)–(5,5) 
(8,0)–(10,0) (8,0)– (9,0) (9,0)–(9,0) 
(10,0)–(10,0) (10,0)–(9,0)  
15 
 
3. Thermoelectric properties 
3.1. Typical behavior 
SWCNTs are classified into three types with different electronic properties: s-
SWCNTs, m-SWCNTs, and m′-SWCNTs. Each s-SWCNT has an energy gap 𝐸g, which 
is nearly inversely proportional to the SWCNT diameter 𝐷. Armchair m-SWCNTs are 
ideal metals without any energy gap around the Fermi level 𝜀 ≈ 0 while m′-SWCNTs 
are pseudo-metals with a small energy gap around 𝜀 ≈ 0. Figure 11 demonstrates the 
typical behaviors of 𝑆 and 𝑃 calculated for these three types of individual SWCNT as 
a function of the chemical potential 𝜇. Here, 𝜇 can be controlled experimentally by 
carrier doping, [19] [29] [37] where 𝜇 = 0. The EHT calculations were carried out using 
Hoffmann and Cerda potentials. (Note that the detailed electronic structures and 
magnitudes of semiconducting gaps depend on the methods and potentials used in the 
calculations.)  
In s-SWCNTs, |𝑆| larger than 500 μ V K⁄  is observed for typical SWCNTs with 
diameters smaller than ~1.5 nm. The maximum value |𝑆max|, observed at 𝜇~ ± (1 −
2) 𝑘𝐵𝑇 around the center of a semiconducting gap 𝜇 = 0, is nearly proportional to the 
magnitude of the semiconducting gap 𝐸g , as discussed in section 5.2. Thus, 








Figure 11. Typical behaviors of DOS, 𝑮, 𝑺, and 𝑷 in three types of SWCNTs. The 




   The reason why 𝑆max of (n, 0) SWCNTs depends on 𝐸g is explained by Fig. 12. 
In hole (electron) region, |𝑆| increased linearly with 𝜇 increasing (decreasing) from the 
valence (conduction) band edge. The slope of 𝑆(𝜇) in band gap depends on the absolute 





Figure 12. 𝑺 − 𝝁 relationships of (8,0), (19,0), and (28,0) s-SWCNTs at 300 K and 
the approximate lines. Solid lines indicate the calculated 𝑆 − 𝜇 relationships. Dashed 
lines indicate the approximate lines of each chirality. The slope of each approximate line 
is proportional to 1 𝑇⁄  
 
 
On the other hand, the maximum value of the power factor 𝑃max  cannot emerge 
around the gap center, 𝜇~ ± (1 − 2)𝑘𝐵𝑇 , where |𝑆max|  appears, because the 
conductance becomes quite small owing to the semiconducting nature around 𝜇~0 . 
Instead, 𝑃max is located just above the valence band top and just below the conduction 
band bottom. 
For 𝜇  within the bands, peaks in 𝑆  and 𝑃  may appear around the van Hove 
singularity (VHS) points where the electronic density of states (DOS) divergently 
increases and the electrical conductance changes in a stepwise manner. This is usually 
expected from the Mott formula for 𝑆 in metals, d{ln𝐺(𝜇)} d𝜇⁄ . These peaks for 𝑃 
show an usually moderate magnitude compared to those within the band gaps of s-
SWCNTs, except for the cases in which 𝑃 is effectively enhanced by a superimposition 
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of several VHSs in a small energy (𝜀) region. [28] 
For m-SWCNTs, |𝑆| in a small |𝜇| between the first VHSs below and above 𝜀 =
0 is usually much smaller than those of s-SWCNTs. The magnitude linearly changed 
around 𝜇 = 0 where 𝑆 = 0. 
The non-armchair m′-SWCNTs with a pseudo-gap exhibit steep changes in 
conductance around 𝜇~0 . Thus, 𝑆  essentially behaves in the same way as for s-
SWCNTs with a smaller energy gap. Experimentally, such a peak structure in the 𝑆 − 𝜇 
relationship was observed in an m′-SWCNT-enriched sample. 
 
 
3.2. Diameter dependence 
Figure 13 shows 𝑆 and 𝑃 calculated for SWCNTs with several different chiralities 
with different diameters 𝐷  (each chirality and diameter is presented in Table 3), 
focusing on the small 𝜇 regions including the first upper VHS and the first lower VHS, 
as shown by “†” in the upper panels in Fig. 13. 
In s-SWCNTs, S is much larger than for m-SWCNTs within the semiconducting gaps. 
As shown in the previous section 3.1., P_max emerges around just above the valence band 
and just below the conduction band edges in s-SWCNTs and non-armchair m′-SWCNTs, 
as shown by peaks with “*” in Fig. 13. Larger values for P may be obtained around the 
VHS points within bands [27], which is described in Section 3.2. 
19 
 
Figure 13. Diameter dependence of 𝑺 − 𝝁 and 𝑷 − 𝝁 relationships of individual 
SWCNTs. (a) (𝑛, 0)  s-SWCNTs. (b) (𝑛, 𝑛)  m-SWCNTs. (c) (𝑛, 0)  m′-SWCNTs. 
Each result is shifted vertically for clarity. 
 
 
Table 3. Chirality and diameter D of the calculated SWCNTs in Fig. 13. 
Chirality D (nm) Chirality D (nm) Chirality D (nm) 
(8,0) 0.63 (5,5) 0.68 (9,0) 0.70 
(19,0) 1.49 (11,11) 1.49 (18,0) 1.41 
(22,0) 1.72 (13,13) 1.76 (21,0) 1.64 
(25,0) 1.96 (14,14) 1.90 (24,0) 1.88 
(28,0) 2.19 (16,16) 2.17 (27,0) 2.11 
(34,0) 2.66 (20,20) 2.71 (33,0) 2.58 




The results for |𝑆max| and 𝑃max, which are located in the band gaps of s-SWCNTs 
and m′-SWCNTs, are summarized in Figs. 14a and 14b as a function of 𝐸g. Note that 
𝐸g ∝ ~1 𝐷⁄  in s-SWCNTs [11, 17]. In the figures, the results for graphene nanoribbons 
(GNRs) are also shown for comparison.[60] Figures 14a and 14b compare |𝑆max| and 
𝑃max calculated using Hoffmann and Cerda potentials in the semi-empirical calculations. 
We find that |𝑆max| and 𝑃max are well scaled by only 𝐸g. This is likely to be due to the 
universal behavior for one-dimensional (1D) systems, as discussed in Section 5.2.  
 
 
Figure 14. Energy gap 𝑬𝐠 dependence of 𝑺𝐦𝐚𝐱 and 𝑷𝐦𝐚𝐱 in s- and m′-SWCNTs. 
(a) 𝑆max for 𝜇 < 0 in the band gaps. The solid line shows 𝑆max = (𝐸g 2⁄ − 𝐸0) 𝑇⁄  for 
𝑇 = 300 K and 𝐸0 = 0.035 eV as discussed in section 5.2. (b) 𝑃max for 𝜇 < 0 in the 
band gaps. The closed circles and half-open squares were calculated using Hoffmann and 
Cerda potentials, respectively. The diamonds show the previously reported results for 
GNRs. The closed red squares are for m′-SWCNTs. Open and closed circles are for s-





3.3. Temperature dependence 
We present the 𝑇 dependence of 𝑆 and 𝐺 for individual (8, 0) s-SWCNT (shown 
in Fig. 15) and (5, 5) m-SWCNT (in Fig. 16) in the lightly hole-doped region, −0.8 <
𝜇 < −0.2 eV, for several temperatures between 50 K and 500 K.  
 
 
Figure 15. 𝑻 dependence of 𝑮, 𝑺, and 𝑷 of individual (8,0) s-SWCNT for several 
𝝁 values (Left and Second on Right). Left: 𝜇 is between −0.6 and −0.4 eV. Squares 
with dashed lines and circles with solid lines are for 𝜇 > 𝜇0 and 𝜇 < 𝜇0, respectively, 
where the valence band top for (8,0) s-SWCNTs is located at 𝜇 = 𝜇0 = −0.526 eV. 
Right: the first panel shows 𝜇 dependence of 𝐺 for several 𝑇, and the third panel show 







Figure 16. 𝑻 dependence of 𝑮, 𝑺, and 𝑷 of individual (5,5) m-SWCNT for several 
𝝁 values (Left). Left: 𝜇 is between −0.6 and −0.4 eV. Squares with dashed lines and 
circles with solid lines are for 𝜇 > 𝜇0 and 𝜇 < 𝜇0, respectively, where the valence band 
top for (8,0) s-SWCNTs is located at 𝜇 = 𝜇0 = −0.526 eV. 𝐺 is almost independent of 
𝑇 and 𝜇. Right: the first panel shows 𝜇 dependence of 𝐺 for several 𝑇, the second 




For individual (8, 0) s-SWCNT in Fig. 15, the valence band top is located at 𝜇 =
𝜇0 ≈ −0.526 eV . It is found that 𝐺  and 𝑆  exhibit metallic and semiconducting 
behavior for 𝜇 < 𝜇0 and 𝜇 > 𝜇0, respectively. For example, 𝑆 and 1 𝐺⁄  increase with 
decreasing T when 𝜇 is located in the semiconducting band gap, −(~𝑘B𝑇) > 𝜇 > 𝜇0. 
More specifically, the 𝑇  dependence of 𝑆 varies as 𝑆 ≈ 𝑆0 −(𝜇 − 𝜇0) (𝑞𝑇)⁄ , where 
𝑆0 is a constant depending on 𝜁(𝜀) around the band edge, 𝜀 ≈ 𝜇0. This is a well-known 
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behavior established in previous studies. [26, 49] On the other hand, 𝑆 and 𝐺 become 
metallic when 𝜇  is located within the valence band, 𝜇 < 𝜇0 ; 𝑆  decreases and 𝐺 
approaches the value for m-SWCNTs with decreasing temperature. 
For individual (5, 5) s-SWCNT in Fig. 16, 𝐺 is almost independent of T because 
the present calculation was performed in the ballistic regime. 𝐺 is also independent of 
𝜇 in the present 𝜇 region because of the assumption of ballistic transport. 𝑆 decreases 
monotonically with decreasing 𝑇 , i.e., it shows metallic behavior. However, its 
magnitude is substantially smaller than that for s-SWCNTs. This is expected on the basis 














4. Parallel and serial mixing of SWCNTs 
4.1. Mixture of semiconducting (s-) and metallic (m-) SWCNTs 
Bulk SWCNT materials are actually mixtures of s-SWCNTs and m- or m′-SWCNTs. 
Nakai et al. experimentally found that 𝑆  of a mixed film steeply increases with 
increasing s-SWCNT content. [30] However, its values were much smaller than those for 
𝑆max calculated for the individual s-SWCNTs presented in Section 3.2. 
To obtain insight into the effects of mixing s-, m-, and m′-SWCNTs on the bulk 
thermoelectric properties, theoretical calculations were performed for mixtures using the 
two simplest models, parallel and serial circuit models of individual SWCNTs, as 
illustrated in Fig. 9 in Section 2.2. For simplicity, it was assumed that each SWCNT 
experiences the same temperature differences in magnitude, ∆𝑇 and ∆𝑡 in Fig. 9. 𝑆 
and 𝐺 of each SWCNT were calculated as a function of chemical potential 𝜇 using a 
Cerda potential for the EHT calculations. Because the work function of an SWCNT is 
almost independent of the chirality of the SWCNT [61-63], 𝜇 was assumed to be shifted 
by the same amount with carrier doping for all the constituent SWCNTs in the circuit. 
The results for the parallel models of (8,0) s-SWCNTs and (5,5) m-SWCNTs are 
shown in the left panels of Fig. 17 for several (5,5) m-SWCNT contents, 𝛽. The content 
of m-SWCNTs was defined by 𝛽 ≡ 𝑁m (𝑁s + 𝑁m⁄ )  where 𝑁s  and 𝑁m are the 
numbers of s- and m-SWCNTs in the circuits, respectively. Then, 𝑆  and 𝐺  in the 
parallel model are given by  
𝑆 =
𝛽𝑆m𝐺m + (1 − 𝛽)𝑆s𝐺s
𝛽𝐺m + (1 − 𝛽)𝐺s
, 𝐺 = 𝛽𝐺m + (1 − 𝛽)𝐺s,     (8) 
where 𝑆m(s) is the Seebeck coefficient of the m(s)-SWCNT and 𝐺m(s) is the electrical 
conductance of the m(s)-SWCNT. Note that the power factor of the circuits is defined by 
𝑃 = 𝑆2𝐺. It is worth noting that 𝑆 and the electrical resistance, 1/𝐺s, of s-SWCNTs 
25 
 
are much larger than those of m-SWCNTs in a lightly doped case in which 𝜇 is located 
within the energy gap of s-SWCNTs. Therefore, in the parallel model |𝑆max| and 𝑃max 
steeply decrease with a small inclusion of m-SWCNTs, which electrically shortens the 
larger 𝑆  of s-SWCNTs (see the left panel in Figs. 17 and 18). Particularly, |𝑆max| 
steeply decreases with increasing 𝛽 below ~1 %. At the same time, 𝜇𝑆max, which is 
defined by 𝜇  where 𝑆max  appears, moves to the band edges (valence band top and 
conduction band bottom), as shown in the upper left panel of Figs. 17 and A1, from 




Figure 17. 𝑺 and 𝑷 of mixtures of (8,0) s-SWCNT and (5,5) m-SWCNT. 𝛽 is the 
content of (5,5) m-SWCNT. (Left) Parallel model. (Right) Serial model. “*” shows the 






The results for the serial models of (8,0) s-SWCNTs and (5,5) m-SWCNTs are shown 
in the right panels of Fig. 17 for several (5,5) m-SWCNT contents, 𝛽. In the serial model, 
𝑆 and 𝐺 are given by 









.     (9) 
Similar to the parallel cases mentioned above, |𝑆max| and 𝑃max reduced with increasing 
𝛽. However, 𝜇𝑆max was always located around the gap center, 𝜇𝑆max~ ± (1 − 2) 𝑘𝐵𝑇. 
Similar results for the “thicker” SWCNT systems consisting of (22,0) s-SWCNTs and 
(13,13) m-SWCNTs are shown in Fig. A1. 
A comparison of the left and right panels in Fig. 18 clearly demonstrates differences 
between the parallel and serial models. In both the models, although |𝑆max| and 𝑃max 
monotonically decrease with increasing metallic content 𝛽, this tendency is much weaker 
in the serial model than in the parallel models. For example, |𝑆max| at 𝛽 = 30 % in the 
serial model is ~2/3 of that for 𝛽 = 0 % while |𝑆max| in the parallel model is reduced 
to ~1/10. Experimentally observed |𝑆max|~50 μV K⁄  is much closer to those for parallel 
models. Thus, it is strongly suggested that the parallel connections in the sample largely 





Figure 18. 𝑺𝐦𝐚𝐱 and 𝑷𝐦𝐚𝐱 in s- and m-SWCNT mixtures. 𝛽 is the content of m-
SWCNT ((5,5) or (13,13) SWCNTs). Squares show the (8,0)–(5,5) mixture and diamonds 
show the (22,0)–(13,13) mixture. The insets show illustrations of the 𝑆 − 𝜇 and 𝑃 − 𝜇 
relationships for 𝜇 < 0 to define 𝑆max and 𝑃max. (Left) Parallel model. The inset plot 




4.2. Mixture of two different SWCNTs 
4.2.1. Mixture of two different-diameter s-SWCNTs 
In the previous section, it was found that the thermoelectric properties of s-SWCNTs 
are substantially affected by mixing with m-SWCNTs. We now examine the effect of 
mixing s-SWCNTs of different diameters. First, we calculated the thermoelectric 
properties of mixed systems of two kinds of s-SWCNTs without m-SWCNTs, that is 𝛽 =
0 %. Hereafter their diameters are shown by 𝐷1 and 𝐷2(> 𝐷1), and their SWCNTs are 




Figure 19 shows the results for a (8,0) and (16,0) s-SWCNT pair with a diameter ratio 
of 𝐷2 𝐷1⁄ = 2. The results for a thicker pair of (8,0) and (22,0) SWCNTs with a diameter 
ratio of 𝐷2 𝐷1⁄ = 2.75 are shown in Fig. A3. The content of s2-SWCNTs was defined 
by 𝛽′ ≡ 𝑁2 (𝑁1 + 𝑁2⁄ ) where 𝑁1 and 𝑁2 are the numbers of s1- and s2-SWCNTs in 




Figure 19. 𝑺 and 𝑷 in mixtures of two different-diameter s-SWCNTs, (8,0) s1- and 
(16,0) s2- SWCNTs. The metallic content 𝛽 was set to 0. 𝛽′ is the (16,0) s2-SWCNT 








   In the parallel model, two peaks, max 1 and max 2, in the 𝑆 −  𝜇 relationship for 
𝛽′ > ~1 % appear within the larger semiconducting gap for the s1-SWCNT (the left 
panels in Figs. 19 and A3). These peaks basically originate from each of the s1 and s2-
SWCNTs. Thus, hereafter they are abbreviated as 𝑆max1 and 𝑆max2, respectively. For 
𝛽′ > ~1 %, the maximum value for |𝑆| around 𝜇 = 0, |𝑆max2|, is nearly the same 
magnitude as those of s2-SWCNTs (see the left upper panel in Fig. 24). The position of 
|𝑆max2|, 𝜇𝑆max2, is almost unchanged with 𝛽′ and exists at 𝜇~0. On the other hand, the 
position of |𝑆max1|, 𝜇𝑆max1, moves steeply closer to the band edge of s1-SWCNTs from 
the gap center with increasing 𝛽′. This is because s1-SWCNTs are electrically shortened 
by the metallic s2-SWCNTs for 𝜇 outside the energy gap of the s2-SWCNTs. 
   𝑃 is also found to show two peaks around the valence and conduction band edges for 
each s1- and s2-SWCNT (the left lower panels of Figs. 19 and A3). The peak values for 
𝑃, 𝑃max1 at 𝜇 = 𝜇𝑃max1 and 𝑃max2 at 𝜇 = 𝜇𝑃max2, change with 𝛽′ as shown in Fig. 
20. 
In the serial model, in contrast to the parallel model, 𝑆max is always located at 𝜇~0 
irrespective of 𝛽′ and its magnitude monotonically decreases to that of the thicker s2-
SWCNT with 𝛽′, because 𝑆 and 1 𝐺⁄  in the serial model are simply a sum of the two 
contributions from s1- and s2-SWCNTs. Importantly, the magnitude of the power factor, 
𝑃max1  and 𝑃max2 , substantially reduces from those of the individual SWCNTs. 
Particularly, 𝑃max2  is significantly small except for 𝛽
′~100 %. This is because the 
conductance of the serial circuit becomes very small at 𝜇~𝜇𝑃max2 which is located in 





Figure 20. 𝑺𝐦𝐚𝐱 𝐯𝐬. 𝜷′ and 𝑷𝐦𝐚𝐱 𝐯𝐬. 𝜷′ in s1- and s2-SWCNT circuits. The squares 
show the (8,0)–(16,0) mixture and the diamonds show the (8,0)–(22,0) mixture. 𝛽′ is the 
(16,0) or (22,0) s2-SWCNT content. The insets show illustrations of the 𝑆 − 𝜇 and 𝑃 −
𝜇 relationships for 𝜇 < 0 to define 𝑆max and 𝑃max. 
 
 
4.2.2. Comparison with experiments 
Experimentally, double-peaked structures in the 𝑆  vs. 𝜌  relationship appear in 
mixed films of two different diameter SWCNT-materials with m-SWCNTs (see Fig. 21), 
where 𝜌 is the electrical resistivity of films. The measurements were carried out on films 
of mixed thin and thick SWCNTs with average diameters of 1.44 nm and 2.7 nm, 
respectively. The mixed films were prepared from ethanol-dispersion solutions of thin 
and thick SWCNTs.  
The observed double-peaked structures in the left panel of Fig. 21 could not be 
reproduced by the serial connection of s1-SWCNT, s2-SWCNT, and m (m′)-SWCNT 
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because the equivalent 𝑆 of the serial model is simply a sum of each 𝑆 value for these 
SWCNTs. For example, in the (8,0)–(22,0) serial model with 𝛽′ = 50 % and 𝛽 = 30 %, 
only one peak appears in the 𝑆 vs. 𝑅 relationship, and |𝑆max| > ~500 μV K⁄ , which 
is much larger than the experimental value of ~50 μV K⁄ . Therefore, the 𝑆 − 𝑅(= 1 𝐺⁄ ) 
relationship was calculated for the parallel models including m-SWCNTs. 
 
 
Figure 21. Experimental results for mixed films consisting of thin and thick 
SWCNTs with average diameters of 1.44 nm and 2.7 nm, respectively. (Left) 𝑆 − 𝜌 
relationship. (Right) X-ray diffraction (XRD) patterns for various thick SWCNT content 
𝛽′ . 𝑄  is the magnitude of the scattering vector in XRD experiments. 𝑆  and 𝜌 
succesively meatured with p-doping in air or humid air as descrived in Section 4.3. 
 
 
The results for a parallel connection are plotted in Fig. 22 as a function of 𝑅 for 𝜇 <
0 using four kinds of SWCNTs: (8,0) s1-SWCNT, (22,0) s2-SWCNT, (5,5)-m-SWCNT, 
and (13,13) m-SWCNT. Here, the diameters of the (8,0) SWCNT and (22,0) SWCNT are 




Figure 22. 𝑺  and 𝑷  in the parallel model consisting of two different-diameter 
SWCNTs. (8,0) and (22,0) SWCNTs for s1-SWCNTs and (5,5) and (13,13) SWCNTs for 




The left panels in Fig. 22 show results for individual s-SWCNTs, with 𝛽 = 0 % and 
𝛽′ = 0 % or 100 %. With increasing 𝜇 from 𝜇 = 𝜇0 just above the valence band tops 
(indicated by an arrow in Fig. 22), 𝑆 linearly increases with log𝑅, independent of the 
SWCNT diameter. The magnitude of P, whose maximum appears just above 𝜇 = 𝜇0 , is 
independent of the SWCNT diameter as already shown in Fig. 14. 
The right panels in Fig. 22 show the results for three parallel models consisting of s-
SWCNTs and m-SWCNTs. The thin solid line is for a mixture of (8,0) s1-SWCNT and 
(5,5) m-SWCNT, and the dotted line is for a mixture of (22,0) s2-SWCNT and (13,13) 
m-SWCNT. These results for the thin or thick SWCNTs qualitatively reproduce the 
observed 𝑆 − 𝜌 relationships. [29, 30] 
The thick solid line is for a mixture of thin and thick SWCNTs, namely (8,0) s1-
SWCNT, (5,5) m-SWCNT, (22,0) s2-SWCNT, and (13,13) m-SWCNT. The m-SWCNT 
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content 𝛽, a sum of those of (5,5) and (13,13) m-SWCNTs, was set to 30% in each case, 
and the ratio of s2-SWCNT and s1-SWCNT content was set to 50 %. It is found that there 
are two peaks in the 𝑆 − 𝑅 and 𝑃 − 𝑅 relationships for the (8,0)–(5,5)–(22,0)–(13,13) 
mixture. These peaks originate from the two s-SWCNTs, (22,0) s2-SWCNT and (8,0) s1-
SWCNT. With hole doping, 𝜇 is lowered from 𝜇~0, and 𝑅 monotonically decreases. 
In contrast, 𝑆 does not change monotonically. It increases first and forms the first peak 
(denoted by *) originating from the (22,0) s2-SWCNT when 𝜇 approaches the top of the 
valence band of s2-SWCNT. For further doping, the second peak of 𝑆 (denoted by **) 
emerges from the s1-SWCNT. 
Double-peaked structures in the 𝑆 − 𝜌 relationship of mixed SWCNTs can be also 
expected from a serial connection of two parallel circuits: a parallel connection of thick 
s2-SWCNTs with thick m-SWCNTs and a parallel connection of thin s1-SWCNTs with 
thin m-SWCNTs. An example is shown in Fig. 23 for a circuit consisting of (8,0), (5,5), 
(22,0), and (13,13) SWCNTs. The amount of m-SWCNTs, (5,5) or (13,13) SWCNTs, in 
each parallel circuit was set to 𝛽 = 30 % . The ratio of the two parallel circuits, 
equivalent to the ratio of s2- and s1-SWCNTs, was set to 𝛽′ = 0, 33, 50, 67, and 100 %. 
It is found that the calculated results are qualitatively consistent with the experimental 
results shown in Fig. 21. Particularly, the double-peaked structures and the magnitude of 
𝑆 are well reproduced. 
Finally, it should be noted that the structure of the present SWCNT samples may be 




Figure 23. Calculated 𝑺 − 𝑹 relationships for a serial circuit consisting of (8,0)–
(5,5) and (22,0)–(13,13) parallel circuits, as shown in the right panel. 𝛽  is m-
SWCNTs ratio. 𝛽′ is thick SWCNTs ratio. 
 
 
The bundle structures in the measured films can be characterized by powder x-ray 
diffraction (XRD) experiments. [58, 59, 64] The right panel in Fig. 21 shows XRD 
patterns indicating that the film is a mixture of two kinds of bundles consisting of thin 
and thick SWCNTs. This implies that the thin and thick SWCNTs hardly mix within a 
bundle. In the present experiments, only the bundles of 1.44-nm SWCNTs can be 
observed in the XRD patterns because the XRD pattern of the thick-SWCNT bundles is 
outside the observation range because of the large inter-SWCNT distances. Thus, only 
the XRD peaks due to the 1.44-nm SWCNTs were observed at the relative intensity of 
the content of thin SWCNTs. These observations are consistent with the above serial 
model of two parallel circuits. A difference in the relative magnitude of the first and 
second peaks in the 𝑆 − 𝜌 or 𝑆 − 𝑅 relationships may be due to differences in bundle 
length and bundle thickness of the two SWCNTs, amongst other reasons. 
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4.3. Doped SWCNTs by water atmosphere 
4.3.1. Comparison of diameter dependence with experiments 
Five SWCNT films with different mean diameters 𝐷 : 𝐷 = 1.44 (± 0.1), 
1.68 (± 0.17), 1.91 (± 0.2), 2.18 (± 0.2), and 2.7 (± 0.3) nm , were prepared to 
investigate the diameter dependence. where the numbers in parenthesis indicate the 
nominal values of the 𝐷 distributions. The 1.44 nm film (a flake of ArcSO grade), which 
consisted of purified SWCNTs prepared by arc-discharge method, was purchased from 
Meijyo Nanocarbon. [http://www.meijo-nano.com/en/] The 1.68, 1.91, and 2.18 nm films 
were prepared by the eDIPS method, [65] and the as-grown SWCNT mats were gently 
pressed into the films by hand. The thickest SWCNTs were prepared by the SG method, 
[66] and the as-grown powder was dispersed in ethanol and then transformed into a film 
by filtration. Before the measurements, each film was heated to 770 K under a dynamic 
vacuum (where the pressure reached 10−3 Pa) to remove adsorbed molecules. The bulk 
density 𝑚 of the heat-treated films was obtained from the weight and dimensions of the 
films. The thickness 𝑡, measured with a micrometer gauge, ranged from 0.04 to 0.19 mm. 
Standard four-probe measurements of the electrical resistance and Seebeck coefficient 
were conducted using home-made systems. The resistivity 𝜌 was calculated from the 
film dimensions and the measured resistances. Because the bulk density 𝑚  varied 
widely from film to film in the range of 0.09-0.34 g cm3⁄ , we also used an estimated 𝜌0 
for comparison using the converted thickness 𝑡0. This is the thickness corresponding to 
the bulk density of 0.5 g cm3⁄  assuming the film were compressed perpendicularly to 
the surface: 𝑡0 = 𝑡 × 𝑚 𝑚0⁄  and 𝜌0 = 𝜌 × 𝑚 𝑚0⁄  where 𝑚0 = 0.5 g cm
3⁄ . To p-dope 
the SWCNT films, ultra-high-purity water was delivered using a petri dish or clean tissue, 
as shown in Fig. 24b. The highly enriched s-SWCNT films doped with HNO3, which 
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were reported in the previous, [30] were also re-measured in detail. 
Figure 24 shows representative time charts of 𝑆  and 𝜌 , measured after heat-
treatment at 770 K. It is well known that as-grown SWCNTs have usually been p-doped, 
and can be de-doped by heating under vacuum. [67, 68] Thus, 𝜌 was highest just after 
heating at 770 K, and then decreased over time because of humidity and/or oxygen in the 
air. [64, 69, 70] Water was delivered successively a few times, as indicated by arrows in 
Fig. 24.  
 
 
Figure 24. (a) Time chart of 𝑺 and 𝝆 for SWCNT film, with the mean diameter of 
the is 2.7 nm, after heat treatment at 770 K (b) Measured SWCNT film together with 
a small petri dish for water supply. (a) The arrows indicate water injection points and 
the changes indicated by asterisks are due to natural drying. (b) The upside-down large 
petri dish were set over as a cover.  
 
 
We found that 𝜌  decreased for more than several hours in humid air at room 
temperature after water was added. The drying which resulted from a shortage of water 
in the open system (see Fig. 24b) led to increases in 𝜌 as shown by asterisks (*) in Fig. 
37 
 
24a. In contrast, the 𝑆 value of the SG film with a mean diameter of 2.7 nm, for example, 
increased or remained nearly unchanged after the first deliver, and then decreased after 
the next three. Similar behavior was observed in the other films, which had different 
diameters and/or had been prepared by different synthetic methods (see Fig. A4). 
Figure 25 summarizes the observed relationships between 𝑆 and 𝜌0 (and 𝜌). The 
present measurements found for the first time that 𝑆 reaches a maximum with decreasing 
𝜌 for each film in humid air. This is likely due to continuous carrier-doping in humid air.  
 
 
Figure 25. 𝑺 − 𝝆𝟎 (𝝆) relationships for (a) the natural SWCNT films with several 
mean diameter and (b) for a natural SWCNT film and an s-SWCNT enriched film 
with mean diameter of 1.44 nm. (a) The numbers indicate the mean diameters of the 
SWCNT films. 𝜌0 is the normalized resistivity, which corrects for the differences in bulk 
density between the films for easier comparison. The inset shows the 𝑆 − 𝜌 relationships. 
(b) 𝜌  of the natural film was shifted so that the 𝑆  at small 𝜌  became equal to 𝑆 
(~40 μV K⁄ ) of the s-SWCNT enriched film. The closed squares for 𝜌 >  200 mΩ ∙ cm 
were measured after heating without HNO3 doping, and the other closed squares indicate 






As demonstrated by the theoretical and experimental studies of SWCNTs and GNRs, 
[30, 60, 71] 𝑆 forms a maximum as a faction of hole/electron concentration. Particularly, 
it should be emphasized that the observed 𝑆 − 𝜌 relationship is very similar to that of p-
doping with HNO3 into a high-purity s-SWCNT film, except for difference in their 
magnitude (see Fig. 25b). The positive sign of the observed 𝑆 implies that the major 
carrier is p-type. Thus, we conclude that humid air caused the p-doping, although a 
previous study reported n-doping by water. [72] The reason for the discrepancy with the 
previous study is not yet clear. 
As shown in Fig. 25a, 𝜌0 (𝜌) varied widely from film to film; the magnitude of 𝜌max 
at which the maximum value of 𝑆  (𝑆max ) appears, for instance, seems to have no 
correlation with 𝐷 . Rather, it depends on the preparation method, implying that the 
observed resistivity is determined by the film morphology and/or quality, such as the 
number and nature of contacts among SWCNTs, the length of the SWCNTs and SWCNT 
bundles, and the presence or absence of defects. These imperfections dominate the 
observed bulk resistivity. In particular, the 1.44 nm SWCNTs had a distinctly larger 𝜌0 
than those of the eDIPS and SG films. This is most likely due to the purification process 
that was applied to the 1.44 nm SWCNTs because the purification process likely 
introduces many defects in the SWCNTs and made them shorter. On the other hand, in 
addition to the fact that the SWCNTs synthesized by eDIPS and SG methods did not 
undergo any purification process, these as-grown SWCNTs have been reported to be high-
quality and long. Thus, the present 1.44 nm-SWCNT films had a higher resistivity than 
the other, non-purified films. 
 On the other hand, 𝑆 , and particularly its maximum value 𝑆max , seems to be 
relatively independent of the film quality (Fig. 25), and there is no correlation between 
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𝑆max  and 𝜌max . These behaviors can be qualitatively understood by considering a 
junction model. Because the film consists of many SWCNTs and bundles of finite length, 
there are many inter-SWCNT and inter-bundle contacts that could significantly affect the 
bulk properties. For example, we consider a serial model of 𝑁 segments with contacts. 
In this model, the temperature difference at each segment may be given by ~∆𝑇 𝑁⁄ , 
where ∆𝑇  is an applied bulk temperature difference. Assuming an equal Seebeck 
coefficient 𝑠  and resistance 𝑟  for each segment, it is found that the total Seebeck 
coefficient 𝑆 is independent of 𝑁, whereas the bulk resistance 𝑅 is proportional to 𝑁: 
𝑆∆𝑇 = 𝑁𝑠(∆𝑇 𝑁⁄ ) = 𝑠∆𝑇, and 𝑅 = 𝑟𝑁.  
 A similar qualitative explanation is possible using a parallel model, in which the 
conductivity is dominated by the number (fraction) of conducting paths, while the 
Seebeck coefficient is nearly independent of that number. Therefore, it is generally 
believed that the bulk resistivity is sensitive to the film quality but that the bulk Seebeck 
coefficient may not be. 
From a theoretical viewpoint, however, the observed weak 𝐷-dependence of 𝑆max, 
or the lack of a clear correlation between 𝑆max and 𝐷, is of significant interest because 
the s-SWCNTs are expected to have 𝑆max~𝐸g 2⁄ − 𝐸0, where 𝐸0 is an energy of a few 
𝑘B𝑇. Similar behavior has been reported in GNRs, [60] and this is also true for s-SWCNTs, 
as shown later in Fig. 26. Thus, we expect that 𝑆max doubles as 𝐷 decreases from 2.7 
to 1.44 nm because the energy gap 𝐸g of the SWCNT is nearly proportional to ~1 𝐷⁄ . 
The discrepancy between the above prediction and the observed weak 𝐷-dependence 
could be a result of m-SWCNT mixing in the films. Note that the m-SWCNTs have much 




Figure 26. Calculated 𝑺  and 𝑷  in parallel networks with several m-SWCNT 
content values (a) of the chemical potential 𝝁 dependence. (b) of the resistance 𝑹 
dependence. (a) Upper: (8,0) s-SWCNT with 𝐸g = 0.79 eV  mixed with (5,5) m-
SWCNT. Lower: (22,0) s-SWCNT with 𝐸g = 0.38 eV mixed with (13,13) m-SWCNT. 
Dashed line shows the results for pure (8,0) s-SWCNTs for comparison. Short vertical 
lines indicate 𝜇 = ±𝐸g 2⁄ . (b) Solid lines indicate the mixed (8,0) and (5,5) SWCNTs. 
Dashed lines represent the mixed (22,0) SWCNT and (13,13) SWCNTs.  
 
 
In the present work, we examined this effect using calculations with a parallel network 
model because the presence of parallel networks drastically changes the thermoelectric 
properties of the film. (The results for a serial network model are shown in Fig. A5) This 
model represents a parallel network of semiconducting chains with 𝑆s  and 𝜎s  and 
metallic chains with 𝑆m  and 𝜎m , where 𝜎s  (𝑆s ) and 𝜎m  (𝑆m ) are the electrical 
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conductance (Seebeck coefficients) of semiconducting and metallic chains, respectively. 
[30] Given a fraction of metallic chains 𝛽, the observed 𝑆 is given by an electrical 
conductance-weighted average, 𝑆 = [𝑆s(1 − 𝛽)𝜎s + 𝑆m𝜎m𝛽] [𝜎s(1 − 𝛽) + 𝜎m𝛽]⁄ , and 
the conductance 1 𝑅⁄  is given by 1 𝑅⁄ = 𝜎s(1 − 𝛽) + 𝜎m𝛽.
 
In the following, we used 
values for s-SWCNT and m-SWCNT as 𝜎s (𝑆s) and 𝜎m (𝑆m), where 𝜎s ≪ 𝜎m  and 
𝑆s ≫ 𝑆m for simplicity. 
The calculated results are shown in Fig. 26a. We focused on structures in the gap 
region (|𝜇| < 0.53 eV for the (8,0) SWCNT and |𝜇| < 0.26 eV for the (22,0) SWCNT) 
because the others mainly consist of contributions from sub-bands other than the highest 
valence and lowest conduction bands of the s-SWCNT. The 𝑆 value of a pure s-SWCNT 
exhibits a linear dependence on 𝜇 . However, the mixing of m-SWCNTs strongly 
modifies this linear relationship. In particular, 𝑆 is significantly reduced around 𝜇 ≈ 0 
(the central region of the semiconducting gap) due to an electrical shortening of the s-
SWCNTs by m-SWCNTs with higher 𝜎m(≫ 𝜎s). As a result, |𝑆| forms a peak above 
𝜇 = −𝐸g 2⁄  (or below 𝜇 = 𝐸g 2⁄ ). These peaks shift toward the gap edges with 
increasing metallic content, as shown in Fig. 26a, because the central region of the gap, 
which is shortened by the m-SWCNTs, is broadened with increasing metallic content. 
Next, we discuss the effects of the width of semiconducting gap 𝐸g (or the diameter 
𝐷) on the thermoelectric performance within the parallel model. The calculated results 
for 𝐸g = 0.79 eV and 𝐸g = 0.38 eV can be compared in Fig. 26. The maximum values 
𝑆max  for pure s-SWCNTs are proportional to the energy gap, |𝑆max| ∝ 𝐸g 2⁄ − 𝐸0 . 
However, even a slight mixing with m-SWCNTs, ca. > 0.1 %, made the 𝜇-dependence 
almost identical. Thus, 𝑆max is independent of 𝐷 in the mixed films, reproducing the 
observed results depicted in Fig. 25a. This is because the semiconducting chains are 
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significantly short-circuited by the metallic chains in the central region of 𝜇~0 where 
𝜎m ≫ 𝜎s, and because 𝜎s and 𝑆 around the band edges behave almost in the same way, 
irrespective of the energy gap. It is worthwhile to note that 𝜎s is basically independent 
of the density of states (DOS), even at the band edges, and is therefore also independent 
of the D because of cancelation between the DOS and the group velocity originating from 
the one-dimensional nature of SWCNTs. 
Another important feature in Fig. 26b is that 𝑅 (=𝑅max) at 𝑆max decreases with 
increasing metallic content. This also reproduces the behavior shown in Fig. 25b, where 
the results for a natural film and those of an enriched film of s-SWCNTs are compared. 
The s-SWCNT film had a mass density of 𝑚 = 0.65 − 1.0 g cm3⁄ , was doped with 
HNO3, and was de-doped by heating. [30] Assuming the resistance scales as 𝑅 = 𝑟𝑁 or 
log𝑟 = log𝑅 − log𝑁 = log ( 𝑅 𝑁)⁄ , the data for the natural film were shifted in the semi-
log plot so that the 𝑆 at small 𝜌 was equal to that of the s-SWCNT film. On the basis 
of this plot, we find that Fig. 25b is consistent with the calculated 𝑆max, which appears 
at a higher 𝑅max with s-SWCNT enrichment (Fig. 26b). 
Figure 27 summarizes the measured power factor 𝑃 = 𝑆2 𝜌0⁄ . The natural films have 
a larger 𝑃 at smaller 𝜌0 values because 𝑆 has nearly the same magnitude and 𝑃 is 
inversely proportional to 𝜌0 . Such behavior is in sharp contrast with theoretical 
predictions for pure SWCNTs, for which the maximum power factor 𝑃max  for an s-
SWCNT remains constant, irrespective of 𝐷 (semiconducting gap 𝐸g), as shown in Fig. 
26. This is because 𝑃max appears when 𝜇 is located just above (or below) the edge of 
the valance (or conduction) band top (or bottom), where 𝑆 and 𝜌0 behave in the same 





Figure 27. Power factor for five natural films and one s-SWCNT film. (a) 𝑃 vs. 𝜌0 
Relationship. In the s-SWCNT film, the bulk mass density of 0.8 g cm3⁄ was used to 
estimate 𝜌0. (b) 𝑃 vs. 𝜌 relationship. 
 
 
The effect of m-SWCNTs mixing on 𝑃 is crucial. The calculated 𝑃max decreases 
substantially with increasing metallic content, and is independent of the diameter and of 
the semiconducting gap (see Fig. 26b). For example, a mixing of 30 % m-SWCNTs 
reduces 𝑃max  to one-third that of the pure s-SWCNTs, in agreement with the 
experimental results for 1.44 nm SWCNTs shown in Fig. 27. 
Finally, we evaluate a possible enhancement of 𝑃max. Because it demonstrated the 
highest performance we had yet obtained, we considered a high-purity s-SWCNT film 
with a bulk density of ~0.8 g cm3⁄ , 𝑆max = 170 μV K⁄ , and 𝑃max =
0.125 mW (m ∙ K2)⁄  as the starting film for this evaluation. The film was prepared from 
ArcSO grade SWCNTs, and its resistivity was nearly equal to that of the present natural 
film of 1.44 nm SWCNTs, so we anticipated the possibility of improving the film 
resistivity to obtain an even higher 𝑃. In reality, this should be achievable by making s-
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SWCNTs and/or s-SWCNT bundles with the same degree of length and defects as those 
of the non-purified eDIPS samples. This should decrease the resistivity by a factor of ~10 
(see Fig. 27), leading to Pmax=1.25 mW/(m ∙ K2). Furthermore, if the SWCNT density is 
increased to 1.3 g/cm3, we can expect a further enhancement of 𝑃max. Assuming the 
conductivity to be proportional to the density, we have𝑃max = 2.0 mW/(m ∙ K
2). 
Further improvement can be expected from aligning the SWCNTs in the films. We 
note that the bulk resistivity, even in high-quality SWCNT mats, in which the contact 
contributions can be ignored, may be 20 times larger than that of an individual bundle 
due to the tortuous effect of the bundles. [73] Therefore, aligned high-quality s-SWCNT 
films, in which the tortuous effect diminishes, have the potential to provide 𝑃 =
40 mW (m ∙ K2)⁄ . This is much larger than the typical values for commercial Bi-Te 
materials. On the other hand, the figure of merit 𝑍𝑇(= 𝑆2𝜎𝑇 𝜅⁄ = 𝑆2𝑇 𝜌𝜅⁄ ) would not 
substantially depend on the sample morphology or SWCNT length because both the 
electrical and thermal conductivity, 𝜎(= 1 𝜌⁄ ) and 𝜅, may vary in a similar manner to 
the film quality, so that the product 𝜌𝜅 remains nearly constant. Actually, 𝑆 and 𝜌𝜅 
have been demonstrated to be independent of sample morphology in aligned and non-
aligned SWCNTs. [74] 
In conclusion, the present experiments and theoretical simulations strongly suggest 
that the maximum power factor based on carrier doping can be improved by a factor 3 
through the enrichment of semiconducting SWCNTs, but changing the SWCNT diameter 
has little effect. Furthermore, it is suggested that the improvement of film resistivity has 
a crucial impact on the achievement of higher performance. Furthermore, we found that 
environmental humidity causes p-type doping by a mechanism that will be clarified in 
future systematic investigations.  
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4.3.2. Comparison of 𝑺 − 𝝆(𝑹) relationship with experiments 
Figure 28 shows that the comparison between the observed 𝑆 − 𝜌 relationships for 
the s-SWCNT films with 𝛽 < 5 %  and the calculated 𝑆 − 𝑅  relationships for the 
parallel model. In these calculations, (8,0) s-, (5,5) m-, (22,0) m-, and (13,13) m-SWCNTs 
were used. Those SWCNTs have the diameter of 0.63 nm, 0.68 nm, 1.72 nm, and 1.76 
nm, respectively. 
 
Figure 28. Comparison between (a) the observed 𝑺 − 𝝆 relationships and (b) the 
calculated 𝑺 − 𝑹 relationships. (a) Opened circles are result of s-SWCNT enriched 
film and opened squares are that of s-SWCNT natural abundant film. (b) Inset numbers 
indicate the mixture ratio of m-SWCNTs. Solid lines indicate the mixed (8,0) and (5,5) 
SWCNTs. Dashed lines indicate the mixed (22,0) SWCNT and (13,13) SWCNTs. 
 
 
As discussed in Section 4.2, 𝑅 and 𝜌 cannot be compared quantitatively, but it was 
assumed that 𝑅 ∝ 𝜌. It is found that the calculated 𝑆 − 𝑅 relationships for the parallel 





4.4. Diameter-distributed SWCNTs 
The previous sections demonstrated that the mixing of two kinds of s-SWCNTs with 
different diameters substantially reduces the thermoelectric performance. Because real 
bulk SWCNT materials have diameter distributions of s-SWCNTs and m-SWCNTs, we 
took into account several SWCNTs with different diameters in the model circuits in the 
present section. 
In a parallel model consisting of several s-SWCNTs, the Seebeck coefficient 𝑆mix 















,     (10) 
where 𝑆𝑗  and 𝐺𝑗   with 𝑗 = 1 ∙∙∙ 𝑛  are the Seebeck coefficient and electrical 
conductance of the 𝑗-th single SWCNT, respectively, 𝑛 is the number of s-SWCNTs, 
and 𝑓(𝐷) is the amount of SWCNT with diameter 𝐷 and is assumed to be given by a 







].     (11) 
Additional parallel-mixing of m-SWCNTs should be taken into account to compare with 
experimental results[29]. Then, the Seebeck coefficient 𝑆mix+m  and electrical 
conductance 𝐺mix+m are given by
 
𝑆mix+m =
(1 − 𝛽)𝑆mix𝐺mix + 𝛽𝑆m𝐺m
(1 − 𝛽)𝐺mix + 𝛽𝐺m
,
𝐺mix+m = (1 − 𝛽)𝐺mix + 𝛽𝐺m,     (12) 
where 𝑆m  and 𝐺m are the Seebeck coefficient and electrical conductance of the m-





The results for < 𝐷 >= 1.49 nm and < 𝐷 >= 2.19 nm are shown in Figs. 29 and 
A7 respectively, for 𝑤 = 0, 0.1, 0.2, 0.3 nm. In the calculations, five s-SWCNTs were 
taken into account. The chirality and diameter distributions of the SWCNTs for each 
system are shown in Fig. A9. The systems with 𝑤 = 0 nm  contain only (19,0) s-
SWCNT for < 𝐷 >= 1.49 nm  and (28,0) s-SWCNT for < 𝐷 >= 2.19 nm  as s-
SWCNTs. 
 
Figure 29. 𝑺  and 𝑷  in the parallel models with diameter-distributed SWCNTs 
with < 𝑫 >= 𝟏. 𝟒𝟗 𝐧𝐦  and 𝒘 = 𝟎. 𝟏, 𝟎. 𝟐, 𝟎. 𝟑 𝐧𝐦  from top to bottom. The 
content of m-SWCNT 𝛽 was set to 30 %. For comparison, the results for 𝑤 = 0 are 






   The maximum values for 𝑆 and 𝑃 in the gap regions, 𝑆max of 𝑆mix+m and 𝑃max 
of 𝑃mix+m, are summarized in Fig. 30. Here, 𝑆max and 𝑃max are defined in the upper 
panels in Fig. 29. It is found that 𝑆mix+m and 𝑃mix+m tend to decrease with increasing 
𝑤. However, this tendency is more significant in the thinner-SWCNT system. This is 
because the energy gap of s-SWCNTs, which determines 𝑆  of the gap region of s-
SWCNTs, is nearly proportional to 1 𝐷⁄ ; the distribution of the energy gap is broader in 
the < 𝐷 >= 1.49 nm SWCNT system than that of the < 𝐷 >= 2.19 nm system for 
the same 𝑤. 
 
Figure 30. 𝒘-dependence of 𝑺𝐦𝐚𝐱 and 𝑷𝐦𝐚𝐱.  𝑆max and 𝑃max appears in the gap 
region as shown in the upper panels in Fig. 29, of SWCNT systems with < 𝐷 >=
1.49 nm and < 𝐷 >= 2.19 nm. 
 
 
The calculated 𝑆max  is compared with the experimental results from a previous 
paper [29] in Fig. 31. The experiments were carried out on mixed films of s- and m-
SWCNTs prepared without any enrichment technique. It is found that the calculated 
values, 𝑆max, reproduce well the magnitude observed in the experiments. However, the 
calculated values slightly increase with increasing mean diameter < 𝐷 >  while the 
experimental results show the opposite tendency. This discrepancy may suggest an 
importance of inelastic scattering of electrons in determination of 𝑆, as suggested for 
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electronic transports in previous papers. [35, 43, 49, 75]Other possible reasons are as 
follows: (1) a change in the content of m-SWCNTs with < 𝐷 >, (2) a change in the 
degree of defects in SWCNTs with < 𝐷 >  [49], (3) a change in the ratio of the 
conductance of s-SWCNT and m-SWCNTs with < 𝐷 >, as expected from Eq. (12), and 
(4) a change in SWCNT structures with < 𝐷 >, such as the ratio of the SWCNT length 
and thickness of s- and m-SWCNTs.  
 
Figure 31. 𝑺𝐦𝐚𝐱 vs. < 𝑫 >. The closed squares are experimental values.
12) The vertical 
lines show the calculated values for 𝑤 between 0 nm and 0.3 nm in the present study. 
 
On the other hand, the calculated power factor of 𝑃 ≡ 𝑆2𝐺 ≈ 0.2 − 0.4 pW K2⁄  for 
a single SWCNT given in Fig. 30, which correspond to 
𝑃 ≡ 𝑆2𝜎 ≈ 0.07 − 0.14 W (m ∙ K2)⁄  for assuming an individual SWCNT length of 
1 μm and SWCNT diameter of 1.5 nm, is much larger than the observed power factors 
[28]in a range of 𝑃 ≈ 10 − 150 μW (m ∙ K2)⁄ . The discrepancy may demonstrate an 
importance of SWCNT-SWCNT junctions and the inelastic scattering of electrons in the 




4.5. Temperature dependence 
In this section, it is demonstrated that the observed 𝑇 dependence is explained by the 
bundle model of parallel circuit for s- and m-SWCNTs. 
We have calculated the parallel circuits consisting of (8,0) s-SWCNTs and (5,5) m-
SWCNTs. The results for the m-SWCNTs consistent ratio 𝛽 = 5% and 30%  are 
presented in Fig. 32. (The results for thick SWCNT circuits consisting of (22,0) s-
SWCNTs and (13,13) m-SWCNTs are shown in Fig. A10.)  
 
Figure 32. 𝑻 dependence of 𝑮, 𝑺, and 𝑷 for mixed parallel circuits of (8,0) s-
SWCNTs and (5,5) m-SWCNTs for 𝝁 values. 𝜇 is between -0.60 and -0.40 eV. 
Left: 𝛽 = 5%. Right: 𝛽 = 30%. Squares with dashed lines and circles with solid 
lines are for 𝜇 > 𝜇0 and 𝜇 < 𝜇0, respectively, where the valence band top for (8,0) 




As expected, 𝐺  increases with decreasing temperature for 𝜇 < 𝜇0  within the 
valence bands and decreases for 𝜇 within the band gap (−(~𝑘B𝑇) > 𝜇 > 𝜇0) because 
it is dominated by the 𝑇 dependence for the s-SWCNTs. However, the values at the 
lowest temperatures remain finite in all cases because 𝐺 is limited by the value for the 
m-SWCNTs. 
On the other hand, the 𝑆(𝑇) of the mixed parallel circuits is quite different from 
those of the pure s-SWCNT circuits. While the 𝑆(𝑇)  of individual s-SWCNTs 
monotonically increases with decreasing temperature for −(~𝑘B𝑇) > 𝜇 > 𝜇0, as shown 
by the dashed lines in Fig. 33, those in the mixed circuits are seen to show different 
behaviors depending on 𝜇 , and to exhibit a peak. The 𝑆(𝑇)  of the mixed circuits 
monotonically decreases with decreasing temperature at low temperatures, as explained 
from Eq. 5 for 𝑆 of the mixed circuits. Because 𝐺s steeply decreases with decreasing 
temperature while 𝐺m and 𝑆m are nearly constant, 𝑆(𝑇 → 0)~𝑆m ≪ 𝑆s for 𝛽 ≠ 0. 
The peak seen in the 𝑆 − 𝑇  relationship moves to higher temperature as 𝜇  is 
reduced to the valence band top, 𝜇 = 𝜇0. The peak also moves to higher temperature with 
increasing m-SWCNT content, 𝛽. Such behavior is easily deduced from Fig. 33, where 
𝑆 is plotted as a function of 𝜇 for 𝑇 values of 100, 300, and 500 K, and is seen to 
exhibit a peak. This can be inferred from the approximate form for 𝑆(𝜇): 𝑆(𝜇)  ≈
 [(1 − 𝛽) 𝛽⁄ ]𝑆S(𝐺s 𝐺m⁄ ), which can be obtained for 𝐺s 𝐺m⁄ ≪ 1 and 𝑆m ≈ 0 in Eq. 
(8) in Section 3.4. 
It is found that the 𝑆(𝜇) peak moves to higher 𝜇 values with increasing 𝑇 because 
𝑆S(𝜇) ≈ 𝑆0 − (𝜇 − 𝜇0) (𝑞𝑇)⁄ , and 𝐺s 𝐺m ∝ 𝐺s ∝⁄ exp[−(𝜇 − 𝜇0) (𝑘B𝑇)⁄ ] ,. Thus, for 
appropriate 𝜇 values, 𝑆(𝑇) exhibits a peak in a specific  𝑇 range we examine. In Fig. 




Figure 33. 𝝁 dependence of 𝑺 and 𝑷 for 𝑻 = 𝟏𝟎𝟎, 𝟑𝟎𝟎, and 500 K. Thick dotted 
lines indicate 𝑆(𝜇) ∝ 𝑆0 − (𝜇 − 𝜇0) 𝑞𝑇⁄ . 𝑆  shows a different 𝑇  dependence below 
500 K for 𝜇 = 𝜇0, 𝜇1, 𝜇2, and 𝜇3 : 𝑆  is 𝑇 -independent for 𝜇0 , decreases 
monotonically for 𝜇1, attains a maximum at 300 K for 𝜇2, and increases monotonically 
for 𝜇3 with rising temperature from 100 to 500 K. 
 
 
Figure 33 also shows the power factor, 𝑃(𝜇). It is seen that the 𝑃(𝜇) and 𝑆(𝜇) 
maxima are both independent of temperature. However, the 𝜇 values where the maxima 
appear increase with temperature. 
The calculation results can be compared with the experimental results for SWCNT 
films with chemical doping. [30] Figure 34a shows the temperature dependence of the 
Seebeck coefficient for films enriched with s-SWCNTs. The nominal m-SWCNT content 
𝛽 was lower than 5 %. It is well known that pristine films are already p-type. Further p-
type doping was achieved chemically using HCl, H2SO3, and HNO3, whereas annealing 
in vacuum led to de-doping, as shown in Fig. 38d. Upon p-type doping, the film resistivity 
𝜌  decreases and 𝑆  exhibits a peak corresponding to the change in 𝜇 . The 𝑆 − 𝜌 




Figure 34. (a) Experimental results performed on s-SWCNT-enriched films [30] and 
(b) calculation results for 𝑻 dependence of 𝑺. (c) 𝑮𝐦 𝑮𝐬⁄  as a function of T. (d) 𝑺 
vs. 𝝆 at 300 K from the experiments. [30] (a), (b), and (c): Solid lines are calculated 
values; dashed lines were used in order to reproduce experimental results. In the 
calculations ((b) and (c)), 𝛽 was assumed to be 5%. (d) With p-type doping or decreasing 
𝜇, 𝜌 decreases monotonically while 𝑆 exhibits a peak. 
 
The calculation results are shown by solid lines in Fig. 34b for fixed 𝜇 values. We 
found that the typical behavior observed for the annealed and pristine films in the upper 
panels is semi-quantitatively reproduced by calculation with 𝜇 = −0.40 eV and 𝜇 =
−0.45 eV , respectively. The results for the chemically doped films are also semi-
quantitatively reproduced by calculation using 𝜇 = −0.55 eV for the HCl film and 𝜇 =
−0.60 eV for the H2SO4 film (and HNO3 film). It is important to note that the 𝜇 value 
used in the calculations consistently decreases with additional p-type doping or 
decreasing 𝜌, as shown in Fig. 34d. Similarly, the 𝛽 dependence is well reproduced by 
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the calculations (see Fig. 35). Therefore, the overall behaviors observed experimentally, 
such as the absolute values for 𝑆 at room temperature and qualitative 𝑇 dependence of 
𝑆 for different 𝜇 and 𝛽 values, were well reproduced by the present calculations. 
 
Figure 35. (a) Calculated results (b) and experimental results. [30] Dashed line in (b) 
shows 𝑆 corrected by 𝐺m 𝐺s⁄ , as represented by dashed line in Fig. 38c. 
 
 
Recently, in nearly 100 % s-SWCNT samples, it was reported that the 𝑆(𝑇) 
decreases with decreasing temperature irrespective of the carrier density or the Fermi 
level examined. [76] It might have failed in observation of the intrinsic behaviors for 
𝑆s(𝑇) as shown by the dashed lines in Fig. 15 for 𝜇 > 𝜇0. This would be due to a small 
inclusion of m-SWCNTs less than a few percentages in those samples. 
Further inspection of Figs. 34 and 35, however, reveals that the experimental 𝑆 
values are substantially larger than the calculated values at low temperatures. This implies 
that 𝑆 may be enhanced at low temperatures. There are several possible causes for this. 
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Equation (8) indicates that 𝑆  depends on the ratio 𝐺m 𝐺s⁄ . Thus, the deviation in 
𝐺m 𝐺s⁄  from the calculations at low temperatures may be one possible cause. If it is 
assumed that the 𝑇 dependence of 𝐺m 𝐺s⁄  is much weaker than that for the calculated 
results, as suggested by the dashed lines in Fig. 34c, the observed 𝑆 is well reproduced 
by the calculations using the corrected values for 𝐺m 𝐺s⁄ , as shown by the dashed lines 
in Fig. 34b. The deviation of 𝐺m 𝐺s⁄  from the calculated values may also be due to 
significant elastic and inelastic electron scattering, [43, 75]electron localization effects, 
[77] or the SWCNT-SWCNT junctions. It appeared that the corrected 𝐺m 𝐺s⁄  obtained 
from the present analysis may be much lower than the values for the ballistic regime at 
low temperatures. 
The enhancement of 𝑆  at low temperatures may also stem from a diffusive 
contribution to 𝑆, a phonon drag effect, [78] inhomogeneity of the SWCNT diameter and 
the doping level, and a bundle effect or deviation from the one-dimensionality of the 
electronic states in SWCNTs. Further discussion on this issue, including 𝑇 dependence 
of 𝜇, is left for future study. 
In conclusion, it was found that the 𝑇 dependence of 𝑆 in mixed semiconducting 
and metallic SWCNT films could be semi-quantitatively explained by a bundle model of 
parallel circuits of s- and m-SWCNTs. Calculations within the parallel model 
demonstrated that a small inclusion of metallic SWCNTs modifies substantially the 𝑇 
dependence of 𝑆 of ideal pure s-SWCNT bundles. The highest values for 𝑆 and 𝑃 in 
a mixed film appeared at different doping levels, 𝜇, depending on the temperature, while 
the maximum values showed little dependence on temperature. It also appeared that 𝑆 is 




5. SWCNT junctions 
Numerous junctions among constituent SWCNTs may be present in bulk materials. 
These junctions may determine the bulk thermoelectric properties. In a previous paper, 
the thermoelectric properties of a junction consisting of two (8,0)-SWCNTs were 
theoretically examined, [30] and it was demonstrated that the relationship between 𝑆 and 
1/𝐺 calculated as a function 𝜇 was qualitatively consistent with those observed in a 
film with carrier doping. In this chapter, the calculated results for typical SWCNT 
junctions listed in Table 2 in Section 2.2. are presented. The calculations were performed 
for ℓ~1.0 − 3.0  nm and 𝑑~0.335  nm. A Cerda potential was used for the EHT 
calculations in this chapter. 
 
 
5.1. Typical behavior for homo- and hetero-SWCNT junctions 
Figure 36 shows typical results for homo-junctions of (8,0), (9,0), and (5,5) SWCNTs, 
which are representatives of homo-junctions of s-SWCNTs, m′-SWCNTs, and m- 
SWCNTs, respectively, along with those for individual SWCNTs for comparison. Small 
modifications of electronic structure can be expected from the SWCNT-SWCNT 
interactions. 
In the homo-junction of s-SWCNTs, 𝑆 in the gap region shows almost the same 
magnitude as those for the constituent s-SWCNTs. In the m′- and m-SWCNT junctions, 
while 𝑆  is slightly enhanced compared to those of the individual SWCNTs, its 





Figure 36. 𝑺, 𝑮, and 𝑷 of homo-SWCNT junctions. (a) (8,0) s-SWCNT junction. (b) 
(9,0) m′-SWCNT junction. (c) (5,5) m-SWCNTs. “*” in the 𝑃 − 𝜇 plots denote peaks 
appearing within the band gap of the s- and m′-SWCNTs. In the left panels for 𝑆 and 𝐺, 
the solid lines are for individual SWCNTs and the dotted lines are for junctions. 
 
 
In contrast, 𝑃 of the junctions is significantly reduced from those of the individual 
s-SWCNTs. This is mainly because of a drastic reduction in 𝐺  by two orders of 
magnitude. The present results were obtained for ℓ~1.0 − 3.0 nm and 𝑑~0.335 nm. 
In comparison with experiments, detail junction structures and density should be taken 
into account. However, the results qualitatively explain the experimental observations. 
The |𝑆max| value of SWCNT films hardly depends on the samples while the electrical 
resistivity shows a wide distribution depending on the SWCNT materials prepared by 





Results for typical hetero-junctions are shown in Fig. 37. It is found that 𝑆 in the 
semiconducting gap regions is almost entirely determined by those of the thinner s-
SWCNTs with a wider semiconducting gap. This is because the band gap or conductance 
of the entire system is almost determined by the thinner s-SWCNTs. Similar to the cases 
of homo-junctions, 𝑃 is substantially reduced from those of the individual SWCNTs.  
 
 
Figure 37. 𝑺, 𝑮, and 𝑷 of hetero-SWCNT junctions. (a) (8,0)–(10,0) s-SWCNT 
junction. (b) (8,0)–(16,0) s-SWCNT junction. (c) (8,0)–(9,0) (s-m′)-SWCNT junction. “*” 
in the 𝑃 − 𝜇 plots denote peaks appearing within the band gap of the s- and m′-SWCNTs. 
In the left panels for 𝑆 and 𝐺, the solid lines are for individual SWCNTs and the dotted 








From a detailed inspection of the results for the (8,0)–(10,0) and (8,0)–(16,0) 
junctions, we find that the 𝑆 −  𝜇 relationship of the junction slightly shifts to the higher 
and lower 𝜇 sides, respectively. This can be explained through the 𝜁 −  𝜀 relationship: 
the electron transfer 𝜁  of the junction is determined not only by the nature of each 
constituent SWCNT but also by the characteristics of the two wave-functions of the 
constituent SWCNTs. Even for 𝜁 ≠ 0 for both the constituent SWCNTs, the electron 
transfer can be forbidden at the junctions (see Fig. A11). As a result, the chemical 
potential which gives 𝑆 = 0 around 𝜇~0 may slightly shift and the |𝑆max| slightly 
increase or decrease. 
 
 
5.2. Comparison of 𝑺 with individual SWCNT 
From Eq. (5) in Section 2.1., 𝑆 is given by the integration of a product of 𝜁 and 
𝑓′(≡ 𝜕𝑓 𝜕𝜀)⁄ . In Fig. 38, 𝜁, 𝑓′, and 𝜁 𝑓′ are illustrated as a function of 𝜀 (here, 𝜇 
was set to −0.25 eV in the middle panels of Fig. 38) for a (8,0)-SWCNT and a (8,0)-
SWCNT homo-junction. Then, the integration with respect to 𝜀 should be  
∫ 𝜁(𝜀){−𝑓′(𝜀, 𝜇)} (𝜀 − 𝜇)d𝜀 ≈ (𝜇 − 𝜀d1) ∫ 𝜁(𝜀) 𝑓
′(𝜀, 𝜇)d𝜀   for 𝜇 < 0, 
where 𝜀d1 is 𝜀 of the valence band top. Therefore, for both the (8,0)-SWCNT and (8,0)-




∫ 𝜁(𝜀) {−𝑓′(𝜀, 𝜇)}(𝜀 − 𝜇)d𝜀 




     for  𝜀d1 ≪ 𝜇 < 0.   (13) 
For 𝜀d2 ≫ 𝜇 > 0 , 𝑆 ≈ (𝜇 − 𝜀d2) (𝑞𝑇)⁄ . This implies that 𝑆  is essentially the same 
between individual SWCNTs and SWCNT-junctions in the gap region and linearly 
increases as 𝜇 (𝑞𝑇)⁄  with 𝜇. Equation (13) is also obtained by neglecting 𝑆0  in an 




Figure 38. Comparison of 𝜻(𝜺), 𝒇′ , and 𝑺 between an (8,0)-SWCNT and (8,0)-
SWCNT homo-junction. 𝜇  was set to −0.25 eV. Dotted lines in bottom panels 
indicate 𝑆 = −(1 𝑇⁄ )(𝜀d1 − 𝜇)  for 𝜀d1 < 𝜇 < 0  and 𝑆 = −(1 𝑇⁄ )(𝜀d2 − 𝜇)  for 




   Because |𝑆max| as shown in the bottom panels of Fig. 38 is obtained around the gap 
center, 𝜇~ ± 𝐸0  where 𝐸0~𝑘B𝑇 , |𝑆max| ≈ (1 𝑞𝑇⁄ )(𝐸g 2⁄ − 𝐸0)  as indicated by a 





6. Typical behavior in band (out of band gap) 
Figure 39 shows typical results for the electronic density of states (DOS) and 𝜁(𝜀), 
along with 𝑆 and 𝑃 at 300 K. The gap of m′-SWCNTs leads to the 𝑆 and 𝑃 peaks, 
𝑆M,max and 𝑃M,max, respectively, around 𝜇 ≈  0. Similarly, for 𝜇 < 0 within the band 
gap 𝐸g in s-SWCNTs, 𝑆 increases linearly with 𝜇 from the band edge 𝜇~ − 𝐸g 2⁄ , as 




Figure 39. The electronic density of states (DOS) (Top) and the transmission function 
𝜻(𝜺) (Middle), along with 𝑺 (dashed lines) and 𝑷 (solid lines) (Bottom). (24,0), 
(25,0), and (26,0) SWCNTs from left to right, respectively. Black arrows in the middle 
panels indicate the top (bottom) of the valence (conduction) bands. Several van Hove 






In (25,0) and (26,0) s-SWCNTs, the maximum value of 𝑃 in the gap, 𝑃1,max, 
appears just below/above the conduction/valance band edges 𝜇 = ±𝐸g 2⁄ , rather than at 
𝜇 ≈ 0  (see bottom of Fig. 39). This is because 𝑅  inside the band gap increases 
exponentially from the band edge to the gap center at finite temperatures, which is 
expected from the transmission function shown in the middle panel of Fig. 39 and Eqs. 
(4) and (5) (two equations are shown in Section 2.1.). 
 
 
6.1. Diameter dependence (out of band gap) 
Figure 17 plots 𝑆1,max  and 𝑃1,max  as a function of 𝜇  along with the 𝐸g − 𝐷 
relationship in the inset. Although the magnitude of 𝐸g is dependent on the calculation 
method and parameters used, the 𝑆max − 𝐸g and 𝑃max-𝐸g  relationships obtained are 
quantitatively identical, [36, 39] even for graphene nanoribbons [60] because of the same 
one-dimensional (1D) nature. Figures 40a shows that 𝑆max, which is 𝑆1,max or 𝑆M,max, 
increase with an increase in 𝐸g for both s- and m-SWCNTs. Instead of 𝐸g obtained by 
the present calculations, a more practical estimate of 𝑆max would be obtained from the 
fitting formula using 𝐸g  calculated via more sophisticated methods that involve the 
electronic density of states (DOS) (for example, see [http://www.stat.phys.titech.ac.jp/ 
saito/optCNTs/OptCNT_LDA_DOS_Kato.html]. and Ref. [79] ). In contrast, as shown 
in Fig. 40b, 𝑃1,max is almost independent of 𝐷 in s-SWCNTs, while 𝑃M,max for m-





Figure 40. (a) Maximum of 𝑺 (𝑺𝐦𝐚𝐱) and (b) of 𝑷 (𝑷𝐦𝐚𝐱) within the band gap, 𝑬𝐠. 
(c) Second maximum of 𝑺 (𝑺𝟐,𝐦𝐚𝐱) and (d) of 𝑷 (𝑷𝟐,𝐦𝐚𝐱) in the valence band (see 
arrows at the bottom of Fig. 16). The inset of (a) shows the relationship between the 
energy gap 𝐸g, and the chiral index, 𝑛. Red circles show the results for 𝑛 = 3 𝑚 (m-
SWCNTs), blue squares for 𝑛 = 3 𝑚 + 1 (s-SWCNT), and black circles for 𝑛 = 3 𝑚 +
2 (s-SWCNT), where 𝑚 is an integer. 
 
 
On the other hand, Figs. 40c and 40d show that 𝑆2,max  and 𝑃2,max  are quite 
sensitive to the chiral index (𝑛, 0). 𝑆2,max is in the 40-90 μV K⁄  range, and 𝑃2,max is 
0.5-3 times as large as 𝑃1,max ≈ 1.5 pW K
2⁄ . In particular, it should be noted that 𝑃2,max 
can be larger than 𝑃1,max. For example, the (24, 0) SWCNT exhibits the largest peak for 
the power factor at > 3pW K2⁄  with a moderately large value of 𝑆2,max in this region 





The experimentally observed peaks in the high resistivity region (𝜌 > 10 mΩ ∙ cm in 
Fig. 41) should correspond to the 𝑆1,max and 𝑃1,max peaks in Fig. 40. Note that the 
magnitude of the observed 𝑆 peak is substantially reduced and its position shifts toward 
the band edges 𝜇~±𝐸𝑔 2⁄  from 𝜇~0 due to the presence of m-SWCNTs in the film. 
[11, 17] 
 
Figure 41. (a) 𝑺 and 𝑷(= 𝑺𝟐 𝝆⁄ ) for mixed SWCNT films of s- and m-SWCNTs 
doped with HNO3 and H2O. (b) 𝑺  and 𝑷(= 𝑺𝟐 𝑹⁄ )  calculated for a parallel 
junction model of (19,0) s-SWCNTs and (11,11) m-SWCNTs. (a)The data for 𝜌 >
10 mΩ ∙ cm are taken from Ref. [29]. Cross-marks for 𝜌 > 2 mΩ ∙ cm represent results 
for water-doped SWCNT films, while data for 𝜌 < 0.5 mΩ ∙ cm are for SWCNT films 
co-doped with water and HNO3. Closed circles represent results for HNO3-doped and 
then de-doped films. (b) s- and m-SWCNTs are both with diameters of ca. 1.49 nm. The 




The cause of these peaks, which is sensitive to the index 𝑛, can be found in the top 
panel of Fig. 39. The DOS is composed of several contributions from 1D valence 𝜋-
bands, and many spike-like peaks in the DOS emerge because these bands have VHSs. 
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The 𝑆 and 𝑃 peaks are able to arise from these 1D bands. [42] However, in contrast to 
𝑆  and 𝑃  related to the band edge (the first VHS around 𝜇~±𝐸𝑔 2⁄ ), a significant 
enhancement of 𝑆 and 𝑃 is generally not expected for VHSs inside the valence bands, 
as shown by the red dashed line at the bottom panel of Fig. 39 for (25, 0) s-SWCNTs. 
This can be understood if 𝑆 is recognized as being proportional to dln𝐺(𝜇) d𝜇⁄  in a 
metal, which is known as the Mott formula. Because 𝐺(𝜇) around the top of the valence 
band (at the first VHS) increases steeply from approximately zero at the gap center to a 
finite value as known from Eq. (3) in Section 2.1., 𝑆 has a large value in the gap, as 
shown by the arrows in the bottom of Fig. 39 for (25, 0) s-SWCNTs. (See Ref. [60] for a 
comparison between 𝑆 values calculated from the Mott formula and Eq. (3)) In contrast, 
smaller values of 𝑆 are typically obtained even around VHSs within the valence bands 
because 𝐺  has finite values within the bands; 𝑆 ∝ dln𝐺 d𝜇⁄ = (1 𝐺⁄ )(d𝐺 d𝜇⁄ ) ∝
(1 𝐺⁄ ) (see, for example, the red dashed line in the bottom of Fig. 39 for (25, 0) s-
SWCNTs). 
However, a moderately large value of 𝑆 is obtained when the 𝑀 bands (𝑀 is the 
number of 1D bands) are successively superimposed in a narrow energy region, as shown 
by the red arrow in Fig. 39 for (24, 0) m-SWCNTs. Each band exhibits a stepwise 
conductance, which is characteristic of a 1D system, as demonstrated by 𝜁(𝜀) in Fig. 39 
therefore, 𝑆  forms peaks around VHSs as already mentioned. In addition, the band 
multiplicity, if present, can substantially enhance the slope of ln𝐺(𝜇) with respect to 𝜇, 
which leads to a larger 𝑆, even within the band. This is actually demonstrated in the 
(24,0) m-SWCNT; it has the largest 𝑆2,max around 𝜇 = −0.5 eV (see Fig. 40c), based 
on the steepest slope in ln𝜁(𝜀), or the largest value for dln𝐺(𝜇) d𝜇⁄  (see Supplementary 




In this paper, in an effort to understand the properties of bulk SWCNTs with 
complicated structures, the thermoelectric properties of those materials were 
systematically studied by calculations using the extended Hückel and non-equilibrium 
Green’s function theories. 
In Sections 3 and 4, the 𝑆 and 𝑃 values for individual SWCNTs were determined 
for SWCNTs with different diameters 𝐷 as a function of the chemical potential 𝜇. In s-
SWCNTs, we found that 𝑆 increased linearly with 𝜇 within the semiconducting gap, 
and was a maximum, 𝑆max, around the gap center. The 𝑆max value was found to be 
almost proportional to 1 𝐷⁄ . The maximum for 𝑃, 𝑃max, which appeared near the band 
edge, showed little dependence on 𝐷. 
Next, the effect of mixing of s- and m-SWCNTs was considered using simple parallel 
and serial circuit models. The calculation results indicated that small inclusions of m-
SWCNTs substantially decreased both 𝑆 and 𝑃. This effect was stronger in the parallel 
model than in the serial model. Additionally, since the parallel model well explained the 
magnitude of 𝑆 and its experimentally observed diameter and temperature dependence, 
this suggests that the 𝑆 value for bulk SWCNTs is dominated by that of bundles, which 
can be modeled by the use of parallel circuits. The effect of 1D band multiplicity on 
SWCNT thermoelectric properties was also discussed. 
In Section 5, the 𝑆 and 𝑃 values for SWCNT junctions were calculated. The results 
indicated that the 𝑆  value for junctions was almost the same as that for individual 
SWCNTs. However, the 𝑃 value for junctions was significantly reduced compared to 
that of the individual SWCNTs because the 𝐺 value for junctions was also considerably 
reduced. This is consistent with the observed results for bulk SWCNTs. The observed 𝑃 
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value was much smaller than the calculated value. 
From these results, we can see that higher 𝑆 for bulk samples can be obtained by 
reducing the m-SWCNT content, tuning the chemical potential (or carrier density), and 
reducing the SWCNT diameter (chirality) distribution. On the other hand, to obtain higher 
𝑃 values for bulk samples, fabricating longer individual SWCNTs and SWCNT bundles, 
as well as creating SWCNT alignments that reduce contributions from the junctions to 
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Figure A1. 𝑺 and 𝑷 of mixtures of (22,0) s-SWCNT and (13,13) m-SWCNT. 𝛽 is 
the content of (13,13) m-SWCNT. (Left) Parallel model. (Right) Serial model. “*” shows 
the peaks within the energy gaps of s-SWCNTs. 
 
 







Figure A2. 𝝁𝐒𝐦𝐚𝐱 and 𝝁𝐏𝐦𝐚𝐱, where 𝑺𝐦𝐚𝐱 and 𝑷𝐦𝐚𝐱 are located in (8,0)–(5,5) and 
(22,0)–(13,13) systems. 𝛽 is the content of m-SWCNT for each system. (Left) DOS for 
(8,0) and (22,0) s-SWCNTs. (Middle) Parallel model. (Right) Serial model. 𝜇0 is the 
chemical potential of the valence band tops, or the first VHSs of the (8,0) and (22,0) s-
SWCNTs.  
 
Figure A2 shows that the peaks of 𝑆max in the parallel model approach the first VHSs 













Figure A3. 𝑺 and 𝑷 in mixtures of two different-diameter s-SWCNTs, (8,0) s1- and 
(22,0) s2- SWCNTs. The metallic content 𝛽 was set to 0. 𝛽′ is the (22,0) s2-SWCNT 
content. (Left) Parallel model. (Right) Serial model. 
 
 
In Fig. A3, with increasing 𝛽′, two peaks, max 1 and max 2, in the 𝑆 − 𝜇 relationship 
appear around 𝜇~0 and just above the valence band top in the parallel model. Two peaks 
in 𝑃 − 𝜇(< 0), shown by “*” in the lower panels, appear just above the valence band top 












Figure A4. Time charts of 𝑺  and 𝝆  after heat treatment at 770 K. The mean 
diameters of the SWCNT films were 2.18, 1.90, 1.68, and 1.44 nm as shown in the figure. 
The arrows indicate water injection points. In the 2.18 nm film, three cycles of wetting-






Figure A5. Calculated 𝑺 and 𝑷 in serial networks with several m-SWCNT content 
values (a) of the chemical potential 𝝁  dependence. (b) of the resistance 𝑹 
dependence. (a) Upper: (8,0) s-SWCNT with 𝐸g = 0.79 eV  mixed with (5,5) m-
SWCNT. Lower: (22,0) s-SWCNT with 𝐸g = 0.38 eV mixed with (13,13) m-SWCNT. 
Dashed line shows the results for pure (8,0) s-SWCNTs for comparison. Short vertical 
lines indicate 𝜇 = ±𝐸g 2⁄ . (b) Solid lines indicate the mixed (8,0) and (5,5) SWCNTs. 










Figure A6. 𝝁𝐒𝐦𝐚𝐱 and 𝝁𝐏𝐦𝐚𝐱, where 𝑺𝐦𝐚𝐱 and 𝑷𝐦𝐚𝐱 are located in s1–s2 SWCNT 
systems. 𝛽′ is the content of s2-SWCNT (thicker s-SWCNT). The left panels show the 
DOS for (8,0), (16,0), and (22,0) s-SWCNTs. The red squares are for the (8,0)–(16,0) 
system and the blue diamonds are for the (8,0)–(22,0) system. For 𝛽′ > ~40 %, 𝜇Smax 







Figure A7. Thermoelectric properties 𝑺𝐦𝐢𝐱+𝐦  (left) and  𝑷𝐦𝐢𝐱+𝐦  (right) in a 
parallel model with < 𝑫 >= 𝟐. 𝟏𝟗 𝐧𝐦  and 𝒘 = 𝟎. 𝟏, 𝟎. 𝟐, 𝟎. 𝟑 𝐧𝐦  from top to 
bottom. For comparison, the results for 𝜎 = 0 are shown by thin dashed lines. The gap 









Figure A8. 𝒘 dependence of 𝑺𝐦𝐚𝐱 and 𝑷𝐦𝐚𝐱 in the gap region in the serial model 
of five different-diameter s-SWCNTs with a normal distribution. The m-SWCNT 
content was set to 30%. The average diameters < 𝐷 >  are 2.19 and 1.49 nm , as 










Figure A9. Chirality and diameter distributions for < 𝑫 >= 𝟏. 𝟒𝟗 𝐚𝐧𝐝 𝟐. 𝟏𝟗 𝐧𝐦 
systems. (a) 𝑤 = 0.1 nm. (b) 𝑤 = 0.2 nm. (c) 𝑤 = 0.3 nm. For m-SWCNTs, (11,11) 
and (19,19) SWCNTs were used. The content of m-SWCNTs, 𝛽, was set to 30%. For 
𝑤 = 0 nm, (19,0) SWCNT with < 𝐷 >= 1.49 nm and (28,0) SWCNT with < 𝐷 >=



























Figure A10. 𝑻 dependences of 𝑮, 𝑺, and 𝑷 for mixed parallel circuits of thick 
SWCNTs, (22,0) s-SWCNT, and (13,13) m-SWCNT, at 𝝁  values, 𝜇  is between 
between −0.30 eV and −0.10 eV. Left: 𝛽 = 5%. Right: 𝛽 = 30%. The valence band 
top of (22,0) s-SWCNT is 𝜇0 = −0.226 eV. The trends are essentially the same as those 
for the systems of (8,0) s-SWCNT and (5,5) m-SWCNT except for a shift of 𝜇 due to 







Figure A11. 𝑺, 𝑮, 𝑷, and DOS of the (8,0)–(10,0) junction and individual-SWCNTs. 
The conductance of the junction is nearly zero even for finite 𝐺  for the individual 
SWCNTs as demonstrated in the range ~0.5 < 𝜇 < ~0.7 eV in the second left panel. 
 
 
 
 
 
